Abstract. We study functions of two variables whose sections by the lines parallel to the coordinate axis satisfy Lipschitz condition of the order 0 < α ≤ 1. We prove that if for a function f the Lip α− norms of these sections belong to the Lorentz space L p,1 (R) (p = 1/α), then f can be modified on a set of measure zero so as to become bounded and uniformly continuous on R 2 . For α = 1 this gives an extension of Sobolev's theorem on continuity of functions of the space W 2,2 1 (R 2 ). We show that the exterior L p,1 − norm cannot be replaced by a weaker Lorentz norm L p,q with q > 1.
Introduction
The classical embedding with limiting exponent
for the Sobolev space W 1 1 was proved independently by Gagliardo [7] and Nirenberg [11] . Gagliardo's approach was based on estimates of certain mixed norms. A refinement of these estimates and a further development of Gagliardo's method were obtained by Fournier [6] . Different extensions of these results and their applications have been studied, e.g., in the works [1] , [2] , [5] , [8] , [9] , [10] .
In what follows we consider functions of two variables. Let a function f be defined on R 2 . For any fixed x ∈ R, the x-section of f (denoted by f x ) is the function of the variable y defined by f x (y) = f (x, y) (y ∈ R). Similarly, for a fixed y ∈ R, the y−section of f is the function f y (x) = f (x, y) (x ∈ R) of the variable x. The Gagliardo-Fournier mixed norm space is defined as
Thus, for a function f ∈ L 1 [L ∞ ] sym almost all linear sections are essentially bounded, and the L ∞ − norms of these sections belong to L 1 (R). As it was shown in [7] , [6] , these conditions imply certain integrability properties of f.
The question studied in this paper is a part of a general problem which can be formulated as follows: How do the smoothness conditions imposed on linear sections of a function affect its global continuity properties ? More precisely, we shall consider mixed norm spaces of functions whose linear sections satisfy Lipschitz conditions.
For any function ϕ on R, set ∆ h ϕ(t) = ϕ(t+ h) −ϕ(t). Let α ∈ (0, 1]. Denote by Lip α the class of all functions ϕ ∈ L ∞ (R) such that
We set also ||ϕ|| Lip α = ||ϕ|| ∞ + ||ϕ|| * Lip α . Some mixed norm norm spaces of functions with smoothness conditions on sections were studied in the dissertation [1] . In particular, it was proved in [1, Theorem 8.13 ] that every function
is equivalent to a bounded and uniformly continuous function on R 2 . However, the limiting case p = 1/α was left open.
The main objective of the present paper is to study this limiting case. Our interest to this problem is partly motivated by its close relation to embedding of the Sobolev space W 
Assume that almost all x−sections and almost all y−sections of f belong to Lip α. We consider the functions
(1.
3)
The integrability properties of these functions provide important characteristics of smoothness of sections. A natural measure of these properties can be obtained in terms of rearrangements of functions (1.3) and their Lorentz norms (cf. [2] ). Denote by S 0 (R n ) the class of all measurable and almost everywhere finite functions f on R n such that
A non-increasing rearrangement of a function f ∈ S 0 (R n ) is a nonnegative and non-increasing function f * on R + ≡ (0, +∞) which is equimeasurable with |f |, that is, for any y > 0
We have that ||f || p,p = ||f || p . For a fixed p, the Lorentz spaces L p,q strictly increase as the secondary index q increases; that is, the strict embedding L p,q ⊂ L p,r (q < r) holds (see [3, Ch. 4] ). For any 1 ≤ p < ∞, denote
. The paper is organized as follows. In Section 2 we prove that every function f ∈ U p (R 2 ) (1 ≤ p < ∞) can be modified on a set of measure zero so as to become bounded and uniformly continuous on R 2 , and we give an estimate of the modulus of continuity of the modified function. This is the main result of the paper. In particular, it provides a generalization of the Sobolev theorem on continuity of functions in W 2,2 1 (R 2 ). We show also that the result is optimal in the sense that the exterior L p,1 − norm cannot be replaced by a weaker Lorentz norm L p,q with q > 1. In Section 3 we show that the spaces U p (R 2 ) increase as p increases, and we prove embedding (1.2).
Continuity
We recall some definitions and results which will be used in the sequel.
If f is a continuous function on R 2 , then its modulus of continuity is defined by
We shall use the following inequality. Let g ∈ S 0 (R n ). Then for any
It is easy to see that for any
Let E ⊂ R 2 be a measurable set. For any y ∈ R, denote by E(y) the y−section of the set E, that is
The essential projection of E onto the y−axis is defined to be the set Π of all y ∈ R such that E(y) is measurable and mes 1 E(y) > 0. Since the function y → mes 1 E(y) is measurable, the essential projection is a measurable set in R. Similarly we define the x− sections and the essential projection of E onto the x− axis.
and can be modified on a set of measure zero so as to become uniformly continuous and bounded on R 2 . Moreover, if
and for the modified functionf we have that
It follows that for any α > 0 the set {(x, y) : |f (x, y)| > α} is contained in the cartesian product {x :
, this implies that λ f (α) < ∞ for any α > 0. Now we shall prove that for any t > 0
Fix t > 0. There exist a set A of type F σ and a set B of type G δ such that A ⊂ B, mes 2 A = t, mes 2 B = 2t, and
At least one of the essential projections of the set A onto the coordinate axes has the one-dimensional measure not smaller than √ t. Assume that the projection onto the y−axis has this property, and denote this projection by P. For any y ∈ P , set β(y) = mes 1 B(y). We have
This implies that mes 1 {y ∈ P :
for any y ∈ Q. Fix y ∈ Q. Observe that the section A(y) has a positive one-dimensional measure. Integrating this equality with respect to h and interchanging the order of integrations, we obtain
But y ∈ Q, and therefore, by the first condition in (2.7)
This implies that the left-hand side of (2.8) doesn't exceed 4 √ t mes 1 A(y), and we obtain a contradiction since mes 1 A(y) > 0. Thus, there exists
Since mes 1 A ′ (y) > 0, this implies that
Using also the second condition in (2.7), we obtain that
for any y ∈ Q. Since mes 1 Q ≥ √ t/2, by the definition of the nonincreasing rearrangement we have that inf y∈Q ϕ 1 (y) ≤ ϕ * ( √ t/2). Hence,
Similarly, in the case when the projection of A onto the x−axis has the one-dimensional measure at least √ t, we have the estimate
Thus, we have proved inequality (2.6). Using (2.6), (2.1), and (2.2), we get
This gives (2.3). Set now
and
We have (see (2.5))
As above, this implies that f h ∈ S 0 (R 2 ) and thus g h ∈ S 0 (R 2 ) for any h > 0.
We shall estimate ||g h || ∞ . First,
Similarly,
By the estimates obtained above,
for any (x, y) ∈ E h . At least one of the projections of E h onto the coordinate axes has the one-dimensional measure not smaller than h.
If the projection Π ′ (E h ) onto the x−axis has this property, then
is the projection of E h onto the y−axis. Thus, using (2.9), we obtain
It follows from (2.1) that
Further, we have the following estimates
Indeed, for any τ > 0
This implies the first inequality in (2.12); the second inequality is obtained similarly. Applying (2.12), we get
Using these estimates and applying the same reasonings as in the proof of (2.6), we have
This inequality, (2.10), and (2.11) yield that
It follows that ||g h || ∞ → 0 as h → 0. Thus, f h (x, y) converges uniformly on R 2 as h → 0, and the limit functionf is continuous on R 2 . By the Lebesgue differentiation theorem, f =f almost everywhere. Further,
Applying (2.12), we easily get that
. Using this inequality and estimate of ||g h || ∞ obtained above, we have
The proof is completed.
In Theorem 2.1 the exterior L p,1 −norm cannot be replaced by a weaker Lorentz norm. More exactly, the following statement holds. Proposition 2.2. Let 1 < p < ∞ and 1 < q < ∞. Then there exists a function
Proof. Choose 0 < β < 1 − 1/q. Let
Denote for h ∈ (0, 1]
It is easy to see that (2.14) will be proved if we show that the function
Since the function g(x, y) is concave with respect to y on the interval [0, 2], we have that
where c is a constant depending only on β, we obtain
Using this estimate and taking into account (2.16), we have that for all 0 < h ≤ 1
It follows that ψ ∈ L p,q (R), and we obtain (2.14). Since f (x, y) = f (y, x), this implies (2.13).
Embeddings
For a function ϕ ∈ L ∞ (R), denote
If, in addition, ϕ ∈ S 0 (R), then for any t > 0
Indeed, for any ε > 0 the set
has a positive measure. By the definition of the non-increasing rearrangement, for any x ∈ E ε there exists h ∈ (0, 2t) such that
Thus,
This implies (3.1).
Proof. For any r ≥ 1, denote
We estimate ϕ * q,1 (t). First, let 0 < h ≤ t. Then
Thus, sup
In particular, we have that
On the other hand,
Since the function on the right-hand side belongs to L p,1 (R), we have that ϕ q,1 ∈ S 0 (R).
Let now h > t. For any fixed y ∈ R, we have, applying (3.1)
We shall estimate the first term on the right-hand side. For any
For any fixed y there exists τ ∈ (0, 4t] such that ϕ q,1 (y + τ ) ≤ ϕ * q,1 (2t). Taking this τ, we obtain
From here and (3.4),
This inequality and (3.3) imply that
Since ϕ q,1 ∈ S 0 (R), we have by (2.1)
Together with (3.5), this implies that Proof. Let f ∈ W 2,2 1 (R 2 ). Then by Gagliardo-Nirenberg inequalities (see [7] , [11] ), the first order weak derivatives D 1 f and D 2 f exist and This implies the first inequality in (3.7) ; the second inequality follows in the same way.
Further, for almost all x ∈ R ||f x || ∞ ≤ R |D 2 f (x, y)| dy.
Thus, by (3.9), R ||f x || ∞ dx ≤ c||D 2 f || 1 ≤ c||f || 
